Topological insulators are insulating bulk materials hosting conducting surface states. Their magnetic doping breaks time-reversal symmetry and generates numerous interesting effects such as dissipationless transport. Nonetheless, their dynamical properties are still poorly understood.
I. INTRODUCTION
The ever-increasing need for higher storage density oriented research towards the miniaturization of magnetic memories, constricted by the super-paramagnetic limit 1 . The realization of smaller magnetic bits requires materials with a high magnetic anisotropy energy (MAE), originating from the relativistic spin-orbit interaction. The extreme limit for highdensity magnetic storage consists of a single atomic bit 2 , for which quantum effects can be predominant. Therefore, a deep fundamental understanding underlying the stability mechanisms is crucial for future technological applications. Moreover, the manipulation of these magnetic units relies on external time-dependent fields, with their dynamical properties being of prime relevance as well.
The standard tool for probing the dynamical magnetic properties (i.e. spin excitations)
of single atoms is the inelastic scanning tunneling spectroscopy (ISTS). It was employed to investigate magnetic adatoms on non-magnetic surfaces [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The spin excitations signature in the differential conductance ( dI dV , with I being the tunneling current and V the applied voltage) consists of step-like features at the excitation frequencies. They are determined by the applied external magnetic field and the MAE, which can also be accessed via other experimental methods such as X-ray magnetic circular dichroism (XMCD) 13, 14 . The nature of both the substrate and the adsorbate play a major role in the determination of the resonance frequency and lifetime of the excitation.
Several theoretical investigations of spin excitations of magnetic atoms deposited on nonmagnetic surfaces have been performed. In the limit of weak coupling (i.e. low hybridization)
between the adsorbate and the substrate, the ISTS spectra can be interpreted employing a Heisenberg model with localized atomic moments possessing an integer (or half integer)
spin. Such a scenario occurs when the substrate is of insulating or semi-conducting nature 6, 15, 16 . When the coupling to the substrate is strong, the hybridization effects must be taken into account and a more accurate description of the electronic structure is required. This was achieved using real-space first-principles calculations in the framework of the Korringa-Kohn-Rostoker Green function (KKR-GF) method, which was extended to the dynamical regime [17] [18] [19] [20] relying on time-dependent density functional theory (TD-DFT) in its linear response formulation 21 .
Topological insulators are intermediate between metallic and insulating substrates, con-sisting of bulk insulators hosting conducting topologically protected surface states [22] [23] [24] . The magnetic doping of topological insulators breaks time-reversal symmetry and generates exotic phenomena such as the quantum anomalous Hall effect 25, 26 . In this case, one also expects a rather low but finite hybridization (with the surface state) in the region of the bulk gap, leading to unconventional dynamical behaviour. For instance, the magnetization dynamics of a ferromagnet coupled to the surface state of a three-dimensional (3D) topological insulator has already been investigated, and an anomalous behaviour in the ferromagnetic resonance was predicted 27 . Other studies with a similar focus were done in Refs. 28-31. Furthermore, arrays of magnetic adatoms interacting with a topological surface state were considered in Ref. 32 , with the surface magnons following a linear dispersion, very unusual for a ferromagnetic ground state. Moreover, the electron spin resonance of single Gd ions embedded in Bi 2 Se 3 was examined in Ref. 33 . The temperature dependence of the g-factor was investigated and the coexistence of a metallic and an insulating phase (dual character) was reported.
In this paper, we systematically investigate the spin dynamics of 3d and 4d single impurities embedded in prototypical 3D topological insulators, namely Bi 2 Te 3 and Bi 2 Se 3 .
Thin film (with a topological surface state) and inversion symmetric bulk (insulating) geometries are considered. For an accurate description of the dynamical electronic properties of these impurities, we employ linear response TD-DFT as implemented in the KKR-GF method 17, 18, 20 . We compute the dynamical transverse magnetic susceptibility, which represents the magnetic response of the system to frequency-dependent transverse magnetic fields. It incorporates the density of spin excitations and can be connected to ISTS measurements 34 . The spin excitation spectra we obtain reveals astonishing results, with lifetimes spanning six orders of magnitude: from picoseconds to microseconds for Fe and Mn impu- 
II. THEORETICAL DESCRIPTION
The description of the spin excitations of the investigated systems relies on linear response TD-DFT 17, 20, 21, 44 . The central quantity in our approach is the dynamical magnetic susceptibility, which displays poles at the excitation energies of the system. The calculations are performed in two steps: First we determine the ground state of the system using conventional DFT calculations; then, we compute the dynamical response of the system to an external perturbing time-dependent magnetic field. To gain further physical insights into the results, we also describe how to map the results of TD-DFT calculations onto an extended phenomenological LLG model. Lastly, we compare the MAE obtained from the dynamical calculations with the ones computed from DFT calculations in different ways.
A. Density functional theory
The ground state DFT simulations are done using the KKR-GF method 45, 46 in the atomic sphere approximation (ASA) including the full charge density, and the exchange-correlation potential is taken in the local spin density approximation (LSDA) 47 . The spin-orbit interaction is included in a self-consistent fashion within the scalar relativistic approximation.
Since we investigate impurities embedded in periodic crystals, we perform two types of calculations. The ground state of the clean host is determined first. Then, the impurities are self-consistently embedded in its crystalline structure. The host crystals investigated in this work consist of Bi 2 Te 3 and Bi 2 Se 3 . The bulk unit cell contains five atoms (one quintuple layer) in a rhombohedral structure (space group R3m) 48 . The corresponding self-consistent calculations employ a 30 × 30 × 30 k-mesh. The surface is simulated using a slab containing six quintuple layers and 60 × 60 k-points, as in our previous work 35 .
B. Time-dependent density functional theory
The dynamical magnetic susceptibility encodes the spin excitation spectra. It describes the linear change in the spin magnetization density δ M ( r, ω) upon the application of a frequency-dependent external magnetic field δ B( r, ω) as
where α, γ ∈ {x, y, z}. For a specific direction of M ( r), the susceptibility tensor can be divided into longitudinal and transversal blocks. In presence of the spin-orbit interaction or magnetic non-collinearity, the two blocks are coupled. However, for the systems that we analyze in this paper, the coupling is negligible and we focus only on the transversal magnetic response of systems (the xy block when the magnetic moment is along the zdirection). Within TD-DFT, the magnetic susceptibility χ αβ ( r, r , ω) is determined starting from the non-interacting magnetic susceptibility of the Kohn-Sham system, χ KS αβ ( r, r , ω), using a Dyson-like equation 17, 20, 21 :
where α, β, γ, µ ∈ {x, y} and K xc γµ ( r, r , ω) is the transverse part of the exchange-correlation kernel, with K xc γµ ( r, r , ω) = δ γµ K xc ⊥ ( r, r , ω). In the framework of the adiabatic LDA 21, 49 ,
is frequency-independent and local in space. The dynamical Kohn-Sham susceptibility is evaluated from the single particle Green function G( r, r , ε) (defined in Eq. (B1)) as:
Since the frequency range of interest is relatively low 20, 44 , the frequency dependence of the Kohn-Sham susceptibility is incorporated via a Taylor expansion as
χ KS αβ ( r, r , 0) being the static Kohn-Sham susceptibility. Moreover, for a system with uniaxial symmetry, the transversal excitations can be summarized in the spin-flip magnetic
Further details on the computation of the Kohn-Sham susceptibility and exchange-correlation kernel can be found in Refs. 17, 20, and 44. Finally, we can obtain an intuitive picture of the spin excitations via the spatial average of χ +− ( r, r , ω) over a suitably-defined volume enclosing the magnetic impurity,
which corresponds to its net response to a uniform external magnetic field 20 .
C. Generalized Landau-Lifshitz-Gilbert equation
In order to develop a more intuitive picture of the magnetization dynamics, we make a connection with a phenomenological model for the magnetization dynamics. We consider a generalized formulation of the Landau-Lifshitz-Gilbert (LLG) equation 36 including a tensorial Gilbert damping G, as well as a nutation tensor I accounting for inertial effects 37,50-52 .
The latter can be important at relatively high frequencies 37, 42, 43 . The equation of motion of
Here γ is the gyromagnetic ratio (γ = 2 in atomic units) and To establish a connection between the LLG equation and the transverse magnetic susceptibility computed using Eq. (2), we first consider that the local equilibrium direction is along the z-axis and apply a small time-dependent transverse magnetic field:
Then, we linearize Eq. (7) with respect to transverse components of B ext (t) and M (t), which becomes, in the frequency domain,
with αβ being the 2-dimensional Levi-Civita symbol ( xy = +1) and δM β (ω) the β component of the frequency dependent magnetization M (ω). The preceding equation combined with Eq.
(1) provides a direct connection between χ αβ (ω) obtained within TD-DFT and the phenomenological LLG parameters:
where K Susc is the MAE, and the subscript indicates that this quantity is extracted from the static magnetic susceptibility obtained from the TD-DFT calculations. is inversely proportional to the anisotropy. In the limit of small nutation, the MAE is connected to the resonance frequency ω LLG res via (see Appendix A)
This is the resonance frequency for precessional motion about the z-axis. Note that ω
LLG res
is renormalized by G s and G a , accounting for the damping of the precession and the renormalization of γ, respectively (see Eq. (A7)).
D. Magnetocrystalline anisotropy
In absence of external magnetic fields, the gap opening in the spin excitation spectrum is uniquely due to the MAE (i.e. anisotropy field) breaking the SU(2) rotational symmetry 20 .
The expression of ω
LLG res
in the LLG model provided in Eq. (11) shows that the resonance frequency is proportional to K, which can also be computed from ground state DFT calculations. Here, we discuss two different ground state methods to compute this quantity relying on the magnetic force theorem [38] [39] [40] 53 and establish a connection with the MAE obtained using linear response theory, K susc .
For uniaxial systems, the energy depends on the direction of the magnetic moment in a simple way: E(θ) ∼ K cos 2 θ, where θ is the angle that the magnetic moment makes with the z-axis, i.e. M /| M | =n(θ, ϕ) = (cos ϕ sin θ, sin ϕ sin θ, cos θ). To lowest order in the phenomenological expansion, the axial symmetry renders the energy independent of the azimuthal angle ϕ. It follows that the magnitude of the MAE, K, can be obtained from total energy differences for two different orientations of the magnetization (out-of-plane and in-plane). However, as K is at most a few meV's, this approach requires very accurate total energies, which is computationally demanding.
Alternatively, one can use the magnetic force theorem, which states that, if the changes in the charge and magnetization densities accompanying the rotation of the spin moment are small, the total energy difference can be replaced by the band energy difference [38] [39] [40] :
where E Band (θ) is the band energy (sum of Kohn-Sham energy eigenvalues) of the system when the spin moment makes an angle θ with the z-axis:
It contains the effect of the orientation of the magnetic moment through how the density of states ρ(ε; θ) is modified upon its rotation. This quantity is evaluated with a single non-selfconsistent calculation, by orienting the exchange-correlation magnetic field in the desired
The MAE can also be evaluated from the magnetic torque, which corresponds to the first derivative of E Band (θ) with respect to the magnetic moment direction. Using the HellmanFeynman theorem, the torque reads 41, 55, 56 :
As for the band energy calculations, the torque is also obtained from a single non-selfconsistent calculation, under the same approximations. It is non-vanishing if the output spin magnetization density M ( r ; θ) is not collinear with the input magnetic moment direction.
Considering the expected form of the MAE for uniaxial symmetry, we should find
In practice, the torque can be evaluated at different angles θ. In this work, two deviation angles have been considered: a large deviation angle with θ = 45
• , as done in Ref. 41 , and a small one near self-consistency, θ = 5
• . For such small deviations, one can connect K Torque to the value of the MAE obtained from the magnetic susceptibility, K Susc . It is shown in Appendix B that when considering a small rotation angle θ and a constant magnitude of the exchange-correlation spin-splitting (frozen potential approximation),
The previous expression shows that K susc corresponds to the K Torque (evaluated for a small deviation angle) renormalized by a prefactor (1 + B a Bxc ) −1 . In fact, this result is similar to the Table I ). It can also be seen in Fig. 1 that the spin splitting of the 4d impurities is weaker compared to the 3d ones, resulting in smaller spin moments, as listed in Table I . This is attributed to the Stoner parameter being larger for 3d than for 4d elements 59 .
All 3d elements except Cr display a completely filled majority-spin d-resonance. Mn and
Cr have a nearly-empty minority-spin d-resonance, resulting in a large spin moment and We now investigate the MAE employing the different methods discussed in Sec. II D. In our convention, a positive (negative) MAE stands for an in-plane (out-of-plane) easy-axis.
In Fig. 2a , we show the evolution of the MAE for 3d impurities embedded in Bi 2 Te 3 and Bi 2 Se 3 , respectively. For every impurity, all the methods predict the same easy-axis. In the We now focus on the reasons why different methods may provide contrasting values for the MAE (see Fig. 2 ). The origin of these divergences can be traced back to the features of the electronic structure at the impurity site. Fig. 2a This can be understood via Table II ε F is due to the majority spin states, which are weakly affected by the spin rotation.
The previous analysis indicates that, if a high density of electronic states is present at ε F (Fe, Co, Tc and Ru), a large rotation angle may lead to large changes in the charge density and invalidate the use of the magnetic force theorem in combination with the frozen potential approximation. Therefore, a small deviation angle, for which the system remains near self-consistency, should be considered. This can be achieved through the torque method or the magnetic susceptibility. The MAE obtained in these cases (K Torque (5 • ) and K Susc )
should be comparable with the one extracted for inelastic scanning tunneling spectroscopy measurements, since in such experiments the deviation of the magnetic moment from the easy-axis are rather small. time-dependent external magnetic fields. We focus on the transverse spin excitations encoded in the dynamical magnetic susceptibility, which have been observed experimentally for magnetic impurities on nonmagnetic surfaces by means of ISTS measurements 3, 8, 11, [63] [64] [65] . In these experiments, the spin excitations yield a step in the differential tunneling conductance at well-defined energies.
We show in Fig. 3 . This lifetime ranges from picoseconds (comparable to lifetimes obtained at metallic surfaces 20, 66 ) to very high values reaching microseconds for Mn in Bi 2 Se 3 as shown in Fig. 4 . Furthermore, the values of G s , shown in Table III , can be interpreted in terms of the LDOS at ε F , since
represents the LDOS of the minority and majority spin channels, respectively) 44 . The highest values of G s are obtained for Ru, which coincide the lowest excitation lifetime as displayed in Fig. 4 . The anti-symmetric part of the Gilbert damping tensor G a is also displayed in Table III . It accounts for the renormalization of the gyromagnetic ratio, γ eff = γ 1+G a (see Appendix A). This renormalization is attributed to the presence of a finite LDOS at ε F as well 44 . G a is negative for Cr, Nb and Ru indicating an enhancement of the gyromagnetic ratio (i.e. γ eff > 2), while γ eff < 2 for the remaining impurities. Note that the spin excitation spectra of Nb and Mo impurities in Bi 2 Se 3 is not shown in Fig. 3 , since for these elements obtained by fitting the TDDFT dynamical susceptibility data to Eq. (10). M s is the spin moment of the impurity. G s is the symmetric part and G a is the antisymmetric part of the damping tensor, both unitless. K Susc is the MAE obtained from the magnetic susceptibility, in meV. ω LLG res is the resonance frequency without including nutation, in meV, as defined in Eq. (11) . A large ratio between ω LLG res and ω c = 
VI. SURFACE AND BULK SPIN DYNAMICS
We now compare different cases of 3d and 4d magnetic impurities embedded in a surface and in a bulk inversion symmetric Bi 2 Te 3 (i.e. insulating phase with no topological surface state). This enables us to disentangle the surface and bulk contributions to the spin dy-namics. The analysis of the ground state properties of the 3d impurities embedded in bulk Bi 2 Te 3 is given in Ref. 35 . The impurity-induced electronic in-gap states are also present in 4d impurities embedded in bulk Bi 2 Te 3 . The LLG parameters obtained in the bulk (denoted with a subscript "b") and at the surface (denoted with a subscript "s") are displayed in Table IV . With the exception of Mn, the MAE obtained from the susceptibility differs considerably between the bulk and surface cases -Cr even has its easy-axis switched. The overall change in the MAE is a decrease from the surface to the bulk cases. The immediate environment of the embedded impurities is the same in bulk and at surface. However, for the bulk case, the missing contribution of the surface state leads to modifications in the electronic structure, altering the virtual bound and the in-gap states 35 . This results in a reduction of the MAE. The spectral weight at the Fermi level is also affected leading to a modification of the damping parameter 
VII. CONCLUSIONS
In this paper, we employed a first-principles approach for the investigation of the spin excitation spectra of 3d and 4d impurities embedded in two prototypical topological insu- magnetic force theorem and the frozen potential approximation.
All the considered 3d impurities acquire a finite magnetic moment in both hosts, while the strong hybridization of the 4d impurities with the host states makes them more sensitive to the surrounding environment. For instance, Ru and Pd were found to be nonmagnetic in Bi 2 Te 3 but became magnetic in Bi 2 Se 3 . Furthermore, and independently from nature of the orbitals (3d or 4d), large rotation angles result in significant changes in the electronic properties when a high electronic density of states is found at the Fermi energy, invalidating the assumptions made to invoke the magnetic force theorem. The MAE must be then computed employing perturbative methods such as linear response theory or the torque method with small deviation angles. The MAE obtained using linear response theory is found to coincide with the one computed from the torque method differing only by a negligible renormalization factor.
The spin excitation spectra of the impurities displays diverse trends. When the impurity virtual bound states or in-gap states are located away from the Fermi energy, the Gilbert damping is rather low and the lifetime of the excitation reaches high values compared to the ones observed in metallic hosts 20, 66 . The most striking example is a Mn impurity in Bi 2 Se 3 , where the lifetime reaches microseconds. A contrasting situation is observed for Ru, which displays a flat excitation resonance in conjunction with a low lifetime. Moreover, we found that nutation effects can be important and lead to important shifts of the resonance frequency for some elements such as Nb, Tc and Ru. Moreover, we examined the contribution of the surface state to the spin dynamics by comparing the LLG parameters of the impurities embedded in the surface with those of impurities embedded in the bulk. For Co and Nb impurities, it was found that the topological surface state has a drastic impact on the dynamics via the spectral shift of the impurity-induced electronic in-gap states, while it plays a minor role for Mn impurities.
We provided a systematic investigation of the spin dynamics of 3d and 4d impurities embedded in topologically insulating hosts. The results obtained for excitation lifetimes of some specific impurities (Mn) provide insights on the dual (metal and insulator) nature of these materials. In addition to that, the MAE computed employing perturbative methods such as the linear response can be compared to the one extracted from ISTS measurements. Finally, several aspects remain to be uncovered from first principles: the zero-point spin fluctuations 60 of these impurities, which can be accessed via the dynamical magnetic susceptibility, as well the spin dynamics of magnetic nanoclusters or full magnetic layers deposited on topological insulators. Appendix A: Phenomenological parameters from the generalized Landau-Lifshitz-
Gilbert equation
In this Appendix, we provide the explicit forms of the phenomenological quantities (anisotropy field, damping and nutation tensors) discussed in section II C. First, we establish a connection between the anisotropy field B a and the magnetocrystalline anisotropy using the phenomenological form of the band energy E Band . For ease of connection with the LLG, we present the derivation using a vector formalism. For systems with uniaxial symmetry, the expansion of the band energy in terms of the magnetization up to second order reads
contains the isotropic energy contributions and e n represents the direction of the easy-axis. The anisotropy field is then given by the first order derivative of E Band with respect to M (the longitudinal component does not affect the dynamics within the LLG):
Second, the Gilbert damping (G) and nutation (I) tensors shown in section II C are rank-2 tensors, which can be split into a symmetric part (labeled with the superscript s) and an anti-symmetric part (labeled with the superscript a). Moreover, due to the uniaxial symmetry, the Gilbert damping tensor has the following structure:
The symbol denotes the spin dynamics parameters describing the transverse components of the precessional motion when the spin moment is along the [111] direction in its ground state. As the system has uniaxial symmetry, the spin dynamics can be anisotropic, and we introduce the symbol ⊥ to account for this possibility. The nutation tensor has the same structure:
The previous decomposition of Gilbert damping and nutation tensors is identical to the one performed on magnetic exchange interactions 68, 69 . The trace of the the damping tensor coincides with the conventional Gilbert damping constant for a cubic system 36 , while the off-diagonal components account for the renormalization of γ, which controls the precession rate. Considering the previous forms for the Gilbert damping and nutation combined with Eqs. (9) and (5), the spin-flip dynamical magnetic susceptibility obtained from the LLG equation reads then:
The resonance frequency is defined as 
The latter can be written in terms of the effective gyromagnetic ratio as:
Appendix B: Torque method and linear response theory
In this appendix, we consider small deviations of the spin moment from the equilibrium direction and connect the MAE obtained within the torque method and linear response. This will be done employing the retarded single-particle Green function (GF), which is defined as the resolvent of the single-particle Hamiltonian H( r ), ε + i0 − H( r ) G( r , r ; ε + i0) = δ( r − r ) .
To keep the notation as light as possible, we do not introduce the partition of space into cells around each atom, as is customary in the KKR-GF approach. The expressions can easily be generalized to take that aspect into account. We shall require the following two basic properties (note that the GF is a spin matrix):
∂ ∂ε G( r , r ; ε + i0) = − d r G( r , r ; ε + i0) G( r , r ; ε + i0) ,
∂ ∂X G( r , r ; ε + i0) = d r G( r , r ; ε + i0) ∂H( r ) ∂X G( r , r ; ε + i0) ,
where X is some parameter or quantity upon which the Hamiltonian depends. Both relations follow trivially from the defining equation of the GF (Eq. (B1)). The electronic density of states is given by
from which the connection between the GF and the band energy of the main text E band is established. The spin magnetization density is given by
and we make the assumption that the Hamiltonian depends on the direction of the spin magnetization density in a coarse-grained way H( r ) = H 0 ( r ) + B xc ( r )n(θ, ϕ) · σ .
n(θ, ϕ) being the direction of the exchange-correlation magnetic field. Assuming that the easy axis is along the z-direction, a small rotation angle θ in the xz-plane ofn results in a torque T θ given in Eq. (14) . Using the definition of the band energy and the density of states (Eqs. (13) and (B4)), T θ can be expressed in terms of the GF as
Relying on Eq. (B3), the first order derivative of the GF with respect to θ can expressed in term of the derivative of H( r ) which reads:
The combination of the previous equation with Eq. (B3) and Eq. (B7) leads to the following expression for the torque: 
The spin-splitting and the transversal exchange-correlation kernel K xc ⊥ ( r ) are related via 17, 20 :
